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Abst rac t - -Th is  paper developed an analytic method to solve the inverse problem of reflection. The 
direct problem is to determine the reflection at the top of a known stratified medium bounded below 
by a reflector. The inverse problem is to determine the reflection of a reflector from the measured 
reflection at the top of the medium. The main results are baaed on the iteration of solutions of two 
initial value differential equations. They are suitable for numerical computation. A mathematical 
model is constructed on an abstract space for broad applications which include radiative transfer 
with inhomogeneous and anisotropic scattering. The solution in general is not unique. A condition 
has been established for a unique solution. Non-unique solutions are also constructed. 
1. INTRODUCTION 
The inverse problem of reflection is motivated from the correction of atmospheric effects on remote 
sensing [1-3]. The ground radiance distribution data obtained by a remote sensor differs from the 
true ground radiance distribution because of the effect of an atmospheric layer over the ground. 
The effect is multiple scattering taking place between the atmospheric layer and the ground as a 
reflector. To correct for this effect, it is suggested to solve the so-called inverse problem. 
Previous work on this problem is either based on uniform ground reflection or by not taking 
all multiple scattering into consideration, [4-11]. The uniform ground reflection assumption and 
uniform incident radiation lead to the inverse problem of one-dimensional radiative transfer. This 
is the inverse problem of Chandrasekhar [12]. However, the uniform ground reflection assumption 
is seldom realized in practical applications. The counting of a few multiple scattering terms only 
provides approximate solutions for some special cases. In the case of a thick atmospheric lay and 
large back scatter, no accurate result is expected from such approximation. For discussions of 
convergence and the order of scattering, see [13,14]. 
As in our previous work [3], it is observed that to solve the problem of correcting the atmo- 
spheric effect on remote sensing, it is necessary to solve the inverse problem of three-dimensional 
radiative transfer with inhomogeneous and anisotropic scattering taking place in a stratified 
medium. 
Linear operators are used here with the intention that our results not be limited to radiative 
transfer, but also be used in applications to transmission lines [15], signal processing [16], etc. 
To solve an inverse problem in a three-dimensional space is difficult in theory and in com- 
putation. Our results are presented in Section 5. It requires the iteration of solutions of two 
one-dimensional differential equations of initial values. One of them is linear and the other is 
a Chandrasekhar's equation. There exist many discussions and numerical analyses of Chan- 
drasekhar's equations [12,13]. The linear initial value equation can be computed easily by stan- 
dard successive approximations. Discussion on the existence and uniqueness of such differential 
equations is presented in Appendix B. Basically, the reflection of a reflector is determined from 
the measure of reflection at the top, and from its physical properties of stratified atmospheric 
medium. Even if the solutions of the differential equations are unique, there is no guarantee that 
our method or other methods lead to a unique solution. This question is addressed and solved 
in the last section. 
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2. THE REFLECT ION EQUATION 
The reflection operator R = R(p, k), p = (x, y, z) E E a, which characterizes the reflection on a 
stratified medium is given by 
OR 
0-'--~ = a + bR + Rd+ RcR, (2.1) 
with the initial value 
R = k(x, y), when z = 0. (2.2) 
The medium extends from z = 0 to z = h and -co  < x, y < co. The physical properties of 
a stratified medium depend only on z; it is uniform in (x, y). Therefore the coefficients, which 
are determined by the physical properties of the stratified medium, are functions of z only. The 
operator k characterizes the reflection at z = 0, the bottom of the medium. R, a, b, c, and d are 
bounded operators. More precisely, they are elements of L(B, B), where B is a B*-algebra with 
identity. Equation (2.1) presented here has a more general setting then that given in [1] and [17]. 
Therefore, the details are not presented here. 
The abstract equation (2.1) has many applications, for example in radiative transfer [17], 
in transmission line theory [15], and in signal processing [16], by proper interpretation of the 
operators. For example, in radiative transfer, those operators are interpreted as linear integral 
operators over the angle l), where f~ is the orientation of a radiation intensity I(x, y, z; l')). It 
is customary to write +n = (+v, ~), where v is the cosine of the polar angle measured from 
the z-axis and ~ is the azimuthal angle, 0 _< ~ _< 27r. The composite operator b R in this case 
means 
f~0) = ] f (p; 12, n') R (p; 12', f~0) dfl', (2.3) b R(n, 
where the kernel f is related to the phase function. For more details, see Appendix A. Likewise, R 
is also an integral operator, say with kernel g, which provides the reflected intensity in the 
direction - f l  at the top z = h of a medium in integral form 
I (x, y, h; -12) = (RIi) (z, y, h; -n )  = / g (x, y, h; -12, n') Ii (x, y, h, ~') di)'. (2.4) 
Here Ii is the (downward) incident radiation intensity and I is the (upward) reflected radiation 
intensity. 
A special case of interest has Ii uniform in (x, y). For example, in an application to radiative 
transfer, Ii is the intensity, the number of a photons per solid angle from the distant sun to the 
surface of the earth. It is customarily assumed that it is uniform in (x, y) and in the direction 0. 
Then equation (2.4) reduces to 
I (h ; -n))  = .g  (h; -n ,  no) (2.5) 
3. INVERSE PROBLEM 
The inverse problem proposed here is to determine k = k(x, y) when the following information 
is known: 
(i) R = R(x,y,z,k) at z = h, and 
(3.1) 
(ii) a ,b ,c ,  anddata l l z ,0<z<h.  
Such information iscalled "data." In radiative transfer, R can be obtained from measured values 
of I and Ii via equations (2.4) or (2.5). Likewise, the kernels associated with the coefficients a, b, c 
and d are also determined by the physical properties of the medium, such as phase functions and 
attenuations of scattering; for details see Appendix A. 
The method to solve this inverse problem is based on the scattering matrix and invariant 
imbedding [18,19]. A brief review is presented for the convenience of the reader and to specify 
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the notation used here. The scattering matrix S maps R x R into a 2 x 2 matrix of operators 
of L(B,B), 
I _  (: S= 
where w < z, r = r(w, z) and p = p(w,z) are reflection operators (left and right), t = t(w,z) 
and r = r(w, z) are transmission operators, and E is the identity matrix. By applying the 
principle of invariance [19], the scattering matrix satisfies the *-product [15]. 
S(w,p) • S(p, z) = S(w, z), (3.3) 
for all w < p < z, provided the *-product is well-defined. For convenience, let 
s,_- (,, ,,,) 
r i  Ti ' 
i = 1.2. 
The ,-product is defined as 
{' t~ (1 -  Pl r2) -1 '1 ,02 + $2Pl (1 -  r2P l )  -1 'r 2 '~ 
(3.4) --1 / Sl * 82 rl + rl r2 (I - Pl r2) -I tl rl (1 - r2pl) r~ 
provided(1- ir)and(1-r pl)arenonsingular LetM=M(z)= (b be the generator 
associated with the scattering matrix S; then c 
S (z, z - Az) = E + M(z) Az + o(Az) E. 
Using the .-product, (3.4), and taking the limit of 
s(w,  z + Az) _ s (w,  z) = s(w,  z) • s(~, z + Zxz) - s (~,  z) 
as Az ---, 0, it follows that 
~---zS(W'Z)= ( (b+pc)trct a+bp +pd+pcp)r(cp+d) " (3.5) 
Equation (3.5) is an invariant imbedding equation. It gives information about how the scat- 
tering matrix S(w, z) varies as z varies. The initial value is 
S(w, w) = Z. (3.6) 
Expression (3.5) consists of four equations. One of them, the reflection p equation resembles (2.1). 
In fact, there are identical equations when w = 0 in (3.5), and k = 0 in (2.1) because R is 
independent of (z, y) in this case. A discussion on the existence and uniqueness of solutions is 
found in Appendix B. 
4. THE SOLUTION 
Let us consider the two transmission equations in (3.5), namely, 
Ot & 
O---~=(b+pc)t and ~z=r(cp+d),  (4.1) 
with w = 0 and the identities as initial values, i.e., 
t(0, 0) = r(0, 0) = I. (4.2) 
To emphasize the solutions t and r depend on the operator p, we denote 
t = t(w, z; p) and r = r(w, z; p). 
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Let n = nO; k) and k = no; $) be two solutions of (9..1) with initial values k and $, 
T=t -X(p ;R)  and 7-=~-X(p;k) ,  (4.3) 
for nonsingular t and ~. The local existence of such nonsingular operators are guaranteed be- 
cause (4.2) are linear with identities as initial values. Then T and 7- are solutions of 
O T = 0___7- = - (c  k + d)7" (4.4) Oz -T (b+ Rc) and Oz 
/~) 7- is independent of z. This can be proved by a direct eompu- 
with identities as initial values 
It can be shown that T (R -  
tation, 
Oz 
0k+0] 
=0 
Since T (R -  R )T  is independent of z for all (z, y) where solutions T and 7" exist and has initial 
value k - k, it follows that k - k = T (R - R)T.  
By choosing k = 0, then k = p and we have 
k=k(x ,y )=T(R- , )7 - ,  for anyz,  0<z<h,  (4.5) 
the desired solution for our inverse problem. Let us summarize our results and introduce the 
iteration as follows. 
(i) From the measured reflection and incidence at the top of a medium, determine R = 
R(x, y, h; k), by using equations (2.4) and (2.5) for uniform incidence. 
(ii) Compute p by solving a one.dimensional reflection equation at z = h, i.e., Chandrasekhar's 
equation for p = p(0, z) 
Op 
- -  = a+bp+pd+pcp,  
Oz 
with initial value p(0,0) = 0. This is the reflection at the top of a medium imbedded in 
free space, i.e., k = 0. 
(iii) Use the iteration formula 
ki+l - -  T/ (n i  - p) 7-, 0 < z < h; i = 1,2, 3 , . . . ,  (4.6) 
where T is obtained by the equation 
0 ~7-  = - (cp+d) 7- 
with initial value zero. R/, i = 1,2, 3 , . . . ,  are obtained from (2.1) with initial values hi, 
are obtained from 
0 
-~zTi = -Ti  (b +/~ c) ; i = 1 ,2 , . . . ,  (4.7) 
with zero initial values, and kl equals some assumed value. One may use measure data as 
initial value. This process tops when P~ at z = h agrees with the measured ata. 
To establish convergence of such ki's constructed in (4.6), observe that under the maximum 
operator [l" II, on 0 _< y _< z, 
Ilki'l"l - -  hill = II [~1~..I-1 (R i+ I  - P) - T/ (R4 - p)] 7"11 
-< {llT~+x - Tdl (11~11 + IIPlI) + 15q+xll I1~+~ - nd l}  117"11 
and, by (4.7) 
it shows that 
IIT~+x - Till _< Ilcll I1 +1 - ~111z l ,  
IIk,+x - hill - 0 as I I~+,  - Ri l l  - -  0. 
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5. THE UNIQUENESS 
This section is devoted to a discussion of the uniqueness of the inverse method presented in 
the previous ection. The existence of uniqueness of a solution R in equation (2.1) is discussed in 
Appendix B. Because the equations involving T and T are linear, it follows that they also have 
a local unique solution. Therefore, the uniqueness i equivalent to saying that 
R(kl) : R(k2) ~ ki  "- k2. (5.1) 
TO analyze this problem, it is realized that the .-product can be extended, such that 
k ~-~ R(k) = p+tk( l  - pk) -1 T, (5.2) 
where p, t, r are solutions of (3.5) with S(0, 0) as identity, by the principle of invariance. In the 
following analysis, it is shown that ift  and r are nonsingular on (0, z), then the solution is unique. 
One the other hand, if t or r is singular, then there exists a non-unique solution. 
CASE 1. t and r are nonsingular; this is a trivial case. In this case, i f  R(k~) = R(k2), this leads, 
by (5.2), to kl (1 -pk l )  -1 = ks (1 - pk2). Hence, kl = ks because kl and (1 - pk l )  -1 commute. 
CASE 2. If t or r is singular, equation (5.2) cannot be used to solve kl and ks as in Case 1. 
However, the existence of non-unique solutions is demonstrated by the following construction. 
Let us assume that there exists Q = ( ql q2 ~ , where q, E L[B, B], i = 1, 2, 3, 4, such that 
% 
\ q3 q4 ] 
(i) Q*S=S,  and 
Then it can be shown that R(kl) = R(k~) because 
(5.3) 
(5.4) 
On the other hand, by the associative law under the *-product, the left-hand side of the above 
equation equals 
That is, R(kl)  = R(k2) with initial values kl, ks and kl ~ ks. Therefore, the existence of Q 
leads to nonuniqueness of our solutions to the inverse problem. 
Consider t - O, i.e., t I - 0 for every I E B, i.e., t is singular. A matrix q can be constructed 
to satisfy condition (i) in (5.3). By solving four equations (5.3) and using the fact that r and (1 - 
rq~) -1 commute, the result is 
Q-  r ( i  ql) (1 - rq2)  ' 
where ql and q~ are arbitrary operators. To satisfy condition (ii) in (5.3), 
k2 = q2 -~- ql k l  [1 - kr ) l  - ql)]  -1  (1 - rq2  ) .  
It is obvious to choose q2 = ks ~ kl and ql = O. Thus, we have constructed 
(O r ks ) ,  with k2 ~ kl, (5.6) 
Q = 1 - rk2  
which satisfies conditions (i) and (ii) in (5.3). In fact, there is an infinite number of such Q 's. 
In a similar manner, if r = 0, a Q can be constructed, which also leads to the nonuniqueness 
of the solution. In this case, 
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APPENDIX  A 
REPRESENTATION OF COEFFICIENTS FOR RADIATIVE TRANSFER 
In radiative transfer, the coefficient matrix consists of a specular part and a disuse part, i.e., 
0 1 
and the operators are as given in equation (A.1). In this case, the operators on the right-hand side of equation 
(A.1) are represented by 
q-1(z;n0) = fexp -h 6(-•,-n0) 1(z;-n0) dn0, and (A.2) 
d 
q+ I(~,n0) = [exp-  h 6(n, n0) I(~;n0) da0, (A.3) 
d 
where/a is the attention constant. And 
p+- l ( z , -n0)  =/ f  ( z ,+~, -n0)  l ( z ; -n0)  n0, 
where f is the standard phase function [17] and likewise for the p - - ,  p-+and p++. 
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APPENDIX  B 
LOCAL EX ISTENCE AND UNIQUENESS OF  p, t - * ,  AND ~'-1 
The existence and uniqueness of the solution p are well-known for a self-ac~oint case [20,21], i.e., b = d*, where 
the superscript * denotes the s~djoint. For the case discussed here, b # d*. Existence and uniqueness can be easily 
extended. For simplicity and the applications here, all operators are assumed to be bounded operators. In the 
time-dependent case, it is desirable to assume that the operators are unbounded [22]. 
Let us consider the system 
dn(o  = M(z) n (O,  (B.1) 
fu (z )~ with u, vE  B and M(z ) - -  f b a.~ with a, b, c, and d coefllcients, as in (2.1). where  II(z) \ c  d/  
PaoP~.aTY 0).  UmQUV.NESS. / fu0,  v0 E B, z fi [z,~], z < 3, then there is a unique condition 1-I(z) of(B.1) 
on [~,~] such that n( , )  = no = ,~o " 
PaOOF. rl(z) is a solution o (B.1) then 
~ z II(z) = no + M(y) l-I(y) dy. 
By taking form and applying Gronwall's inequality, 
(B.2) 
~ z I In(~)l l  _< Ilnoll exp [[M(u)lldu. (B.3) 
Equation (B.3) implies the desired uniqueness. 
$ 
PROPERTY (!1). EXISTENCE (LOCAL) OF p, t -1,  AND ~r -1 . Suppose I](z) is a solution of (B.1) on Ix, [3], x < fl, 
and ~(z) is nonsing~l~ on a subinterval [~, ~]. Then p(~, z) = ~(z) ~-1(0  is a solution or 
a 
~=a+bp- l -pd+pcp on [z, ~,]. (B.4) 
az 
Conversely, if p is a solution of (B.4), then there exists a solution H(z) of the system (B.1) subinterval on [x, fi], 
and u is nonsingular. 
PROOF. If II is a solution of (B.1) and u(z) is nonsingular on [z,'y], then u - l ( z )  is also differentiable and it can 
he verified directly that p(z,y) -- v(z) u - l ( z )  satisfies (B.4) on [z,~/]. If p is a solution of (B.4) on [z,~], then the 
converse is true. Let u be the unique solution of 
d 
~-z u(z) = [b(z) + a(z) p(z)] u(z), 
with initial value u(x) = uo ~ O. Then there exists a subinterval [x,~] on which u is nonslngular. It follows 
immediately that 
1-[( 0 = ( u(z) ~ (B.5) 
is a solution of (B.1) on [x,~] and l l(z) = ( u0 ) ,  u0 0. 
\ v0 / 
In the applications, u(z) and v(z) are related to the input and output of a reflective medium at z. For radiative 
transfer, the input is the incident radiation and the output is the reflected radiation. The systems governed by 
the scattering matrix S is a linear operator, though it appears that even p satisfies the nonlinear equation (B.4). 
Without loss of generality, one may choose u0 ~ 0. Therefore, the (local) existence of p is proved. 
The scattering matrix relates l l (z) to H(z) by 
n(z) = s(z,z)[I(z), z <_ z. (B.6) 
For the choice u(x) = X and v(z) = O, equation (B.6) reduces to u(z) = t(m, z). The nonsingularity of u on z 6 Ix,/3] 
implies t is also nonsingular on the same interval. Therefore, the (local) existence of t -1 is proved. Likewise, for 
the choice u(z) -- 0 and ~(z) -- 1, the nonsingularity of ~" also is established. 
$ 
